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Abstract: 3d = 2 partition functions on the squashed three-sphere Sf and on 
the twisted product 5^ x 5^ have been shown to factorize into sums of squares of sohd 
tori partition functions, the so-called holomorphic blocks. The same set of holomorphic 
blocks realizes 5*^ and 5*^ x partition functions but the two cases involve different 
inner products, the S'-pairing and the zd-pairing respectively. We define a class of q- 
deformed CFT correlators where conformal blocks are controlled by a deformation of 
Virasoro symmetry and are paired by S'-pairing and id-pairing respectively. Applying 
the bootstrap approach to a class of degenerate correlators we are able to derive three- 
point functions. We show that degenerate correlators can be mapped to 3d partition 
functions while the crossing symmetry of CFT correlators corresponds to the flop sym- 
metry of 3d gauge theories. We explore how non-degenerate g-deformed correlators are 
related to 5d partition functions. We argue that zd-pairing correlators are associated 
to the super conformal index on x 5*^ while S'-pairing three-point function factors 
capture the one-loop part of partition functions. This is consistent with the inter- 
pretation of S'^ X and Si gauge theories as codimension two defect theories inside 
S'^ X and respectively. 
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1 Introduction 

In recent years, thanks to the application of the method of supersymmetric localization 
initiated by Pestun [1], several exact results for supersymmetric theories formulated 
on compact manifolds have been obtained. In particular, partition functions of Af = 2 
theories on the squashed three-sphere and the superconformal index on S'^ Xg 
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(where S'^ is fibered over with holonomy logg) have been shown to locahze to 
matrix integrals [2-6]. 

In [7, 8] it was found that and S*^ XqS^ partition functions can be factorized into 
sums of squares of partition functions on sohd tori D (where D is a cigar), 

named holomorphic blocks. For any given M = 2 theory with n isolated SUSY vacua, it 
is possible to compute the relevant set of n holomorphic blocks by means of an integral 
formalism developed in [8]. Remarkably, the two partition functions are expressed in 
terms of the same set of blocks. However and S'^XqS^ partition functions are obtained 
by fusing holomorphic blocks with different inner products, which we call S'-pairing and 
id-pairing respectively. The labeling of the pairings reflects the fact that and S'^XgS^ 
are obtained by gluing sohd tori through S and id element in SL(2,Z) respectively. 
Correspondent ly we will also refer to the partition functions as Zs and Zi^ respectively. 
In [8] it was also shown that holomorphic blocks have an interesting behavior under 
a certain class of mirror symmetry transformations. In order to guarantee invariance 
of the partition function across mirror frames, holomorphic blocks are constrained to 
undergo subtle transformations across frames, which have been related to Stokes jumps. 

In this work we focus on another symmetry of Zs and Zjd partition functions, 
which we call flop symmetry [9, 10], since it exchanges phases of the theory where the 
Fayet-Iliopoulos (FI) parameter takes different signs. Also in this case, the invariance 
of partition functions which in the integral form is a rather trivial invariance of the in- 
tegrand, translates, in the block factorized form, into highly non-trivial transformation 
properties of blocks across phases. One of the questions we try to answer in this paper 
is how much flop symmetry constrains the form of partition functions. 

This reasoning is reminiscent of the bootstrap approach to 2d CFT [11], where 
correlation functions are constrained by crossing symmetry, that follows from the asso- 
ciativity of the operator algebra. We review the bootstrap approach to Liouville CFT 
in section 3.1, where crossing symmetry together with properties of degenerate repre- 
sentations of the Virasoro algebra constraints the structure of degenerate four-point 
functions and allows to determine the three-point function for generic primaries. This 
method is commonly know as Teschner trick [12]. We will then seek for a CFT real- 
ization of our 3d gauge theory partition functions where flop invariance is realized as 
crossing symmetry. 

Recently a similar correspondence between gauge theory partition functions on 
the two-sphere and CFT correlators has been proposed in [13]. Partition functions of 
M - (2,2) theories on the two-sphere have been computed with two different local- 
ization schemes [13, 14]. The first localization scheme reduces the path integral to an 
integral over the Coulomb branch of classical action and one-loop fluctuations, and is 
commonly referred to as the Coulomb branch localization. In the other localization 
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scheme, the so-called Higgs branch localization, the partition function takes the form 
of a sum over Higgs vacua. Each term in the sum contains the classical action, one- 
loop fluctuations and a square of vortex and anti-vortex excitations localized at the 
north and south poles of the sphere. Vortex partition functions can be computed via 
equivariant localization, formulating the theory on M? with fi-deformation with equiv- 
ariant parameter e. In [13] it was shown that the Higgs branch S"^ partition function of 
the SQED with Nf fundamental chirals and Nf anti-fundamental chirals is equivalent 
to a four-point correlation function in A^^^i Toda CFT, where the insertions are a 
semi-degenerate state, two non-degenerate states and a completely degenerate state. 
The authors provided a physical explanation of this relation using the AGT duality 
[15] (see also [16]), that relates partition functions of 4d = 2 SU(N) gauge theories to 
correlation functions of A^-i Toda CFT. Indeed, coupling the 2d SQED gauge theory 
to the 4d superconformal QCD, gives rise to a certain defect surface operator for the 4d 
theory, described in the AGT set up by a degenerate insertion [17]. It follows that in 
the limit where the 2d SQED theory decouples from the 4d superconformal QCD, the 
partition for the 2d theory is described by the above mentioned correlation function in 
Toda CFT. 

Although to date, only the Coulomb branch localization scheme for 3d partition 
function is known, as we will review in section 2, both Zs and Z^^ can be recast in a 
form very similar to the S'^ Higgs branch localization, that is a sum over SUSY vacua of 
classical and one-loop terms and a square of vortex partition functions which are now 
paired respectively with ^-pairing and id-pairing. In the 3d case the vortex partition 
function is the natural g-deformation of the two-dimensional case, and can be computed 
by K-theory equivariant localization formulating the theory on M? x with equivariant 
parameter q - el^^, with P the 5*^ length. 

Motivated by the strong similarities between 2d and 3d partition functions, we 
then study a class of CFT correlators where conformal blocks are controlled by a q- 
deformation of the Wn algebra [18, 19]. For simplicity we will restrict to the N = 2 
case {i.e. the CFT related to 3d SQED gauge theory with four flavors), but most 
of our results can be trivially extended to the N > 2 case. We will therefore focus 
on the so-called Vivg^t algebra, a deformation of the Virasoro algebra. Indeed this 
algebra, introduced and developed in [20], was also studied in connection with the 5d 
extension of the AGT conjecture [21-25], since it appears as the natural deformation 
corresponding to the 5d-lift of the Nekrasov instanton partition function. In particular, 
it has been checked that K-theory instanton partition functions are reproduced by q- 
deformed conformal blocks. 

Our goal is however to study correlation functions rather than simply chiral con- 
formal blocks and here comes the first novelty: how do we pair g-deformed conformal 
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blocks? In fact we should ask which property of the correlation function we want our 
pairing to be compatible with. We will require modular invariance (crossing symme- 
try) of g-correlators and try to find compatible ways of pairing g-deformed conformal 
blocks. The results in 3d gauge theory suggest to use S-pairing and Zfi-pairing (and 
in principle pairing with any 5(2, Z) elements), since they are compatible with fiop 
symmetry which we think of as the gauge theory analogous of crossing symmetry. 

In sections 3.2, 3.3, 3.4 we develop a g-deformed version of the bootstrap approach 
to Liouville which allows us to determine three-point functions for correlators involving 
S'-pairing and id-pairing respectively. Using these three-point functions we compute 
four-point correlation functions with three non-degenerate and one degenerate primary 
and show that they can be mapped to Zs (partition function on squashed sphere) and 
Zid (superconformal index) of 3d SQED with Nf = 2, in analogy with the 2d case. 

We then turn to correlators of four non-degenerate primaries focusing on the three- 
point function contribution. Here comes an interesting surprise. If we use three-point 
functions that we derived considering the ici-pairing, we obtain the one-loop part of the 
SU{2) Nf = 4 theory on x 5"^ recently computed in [26-28], while if we use three- 
point functions for the S'-pairing we obtain the one-loop part of the SU{2) Nf = 4 
theory on squashed 5"^ recently derived in [29-31] extending results in [32-35]. 

Perhaps the first result is not so surprising since it is the obvious 5d lift of the 
AGT correspondence, and the S'^ Xq theory that corresponds to a degenerate id- 
correlator, can be interpreted as the dimensional uplift of a surface operator. The 
relation of S-correlators with partition function is more intriguing. As described in 
[30] and reviewed in section 5.6, it is useful to view the squashed as a fibration 
over a triangle. Over each edge the fiber degenerates to a fibration leading to 
three squashed three-spheres inside S^. It is then natural, in analogy with the AGT 
scenario, to associate the defect theories defined on these three maximal three-spheres 
to degenerate CFT correlators. 

To summarize, our results suggest that, not only the 5d Nekrasov instanton function 
is related to g-deformed VT-algebra, but also full partition functions of 5d gauge theories 
on X and can be mapped to interacting theories with g-deformed W symmetry. 
Like in the AGT correspondence, the 3d S*^ Xq and 5*^ partition functions, captured 
by degenerate correlators, describe the partition function of certain codimension two 
defect theories. 

2 3d partition functions 

In this section we will study the partition function of the Af = 2 SQED with Nf fun- 
damental chirals and Nf anti-fundamental chirals on S"^ Xq {i.e. the superconformal 
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index) and S^. We will begin by reviewing the block-factorization property [7, 8] (see 
also [36]). We will then show the non-trivial constraints imposed by flop symmetry on 
the holomorphic blocks. 

2.1 The superconformal index factorization 

In this section we study the M = 2 SQED, the U{V) theory with Nf fundamental chirals 
and Nf anti-fundamental chirals on the twisted product 5*^ XgS*^. The path integral on 
this manifold defines a superconformal index for the theory and was shown to reduce to a 
finite dimensional integral in [4, 5] using supersymmetric localization. A generalization 
of the index that allows background fields with non-trivial magnetic fiux was introduced 
in [6] and further developed in [37]^. We turn on fugacities (together with their magnetic 
flux through S*^) for all the flavor symmetries and the topological f/(l) symmetry, that 
corresponds to the Fayet-Iliopoulos (FI) paramater. Our fugacities are: 

(0i,rO, i = l,-Nf, flavor [/(l)^/ , 
(e.,/i), i = l,-Nf, (anti)- flavor f/(l)^/ , 
(a;,?T,), topological U{1), 

(t,s), gauged U{1). (2.1) 

The 1-loop contribution of a single chiral multiplet of R-charge is [37] 

x(C,m) = (g^/V)-'"/2XA(C,m) (2.2) 

where Xa(C)'^) is the index of a free chiral with k = -1/2 Chern Simons (CS) units 
[37]. ^ It is given by 

- (l-g/+lC-lg-W2) - (l-g^+la;-l) ,1 2 

to K^-(lKl to (1-g'a; 1) id 

where we deflned x = (^g™-/^ and x - C^^^q^l'^. We take C to be a phase, m e Z and q real, 
so that X = x.'^ We also deflned the identity pairing 

2 

f{x;q) ■■= f{x;q)fix;q), (2.4) 

id 

with q = q^^. The coupling of the topological U{1) current to background flelds produces 
the following classical contribution 

. (2.5) 



"'^For a derivation of the superconformal index that involves the index theorem see [38]. 
^In the 3d-3d correspondence this is the theory associated to the ideal tetrahedron [37, 39]. 
^The bar denotes complex conjugation. 
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The index is computed using a Coulomb branch locahzation scheme, where the path 
integral reduces to the integration over saddle points labeled by a holonomy and a 
quantized magnetic flux for the dynamical gauge vector. It is given by 



r dt 

^id = E / 7J—t''u^'Ux{t<P,,s + r,)Ylx{t-'C,\-s-h). 

seZ-' 1=1 k=l 



(2.6) 



To evaluate the integral (2.6) we take the contribution of poles inside the unit 
circle, coming from the (denominators) of the fundamental hypers, that are located at 



t 



k > mm(0, s + Tj), 



(2.7) 



We refer the reader to the Appendix A for details of the computation, here we just give 
the final result. We first introduce some notation 



Xi 



nl2 



Xi 



h/2 



z = uq 



n/2 



and 



Nf 



Ylxj^Hk - r - e^; u = {-q2)^fr'^ z ^ . 

We also introduce the following theta function 

9{x;q) = {-q^l^X]q)^{-q^l'^x-^]q)^ , 



which satisfies 



||^((-gl/2)Ca;a. ^)||2^ ^ (_^l/2)-(a.m)c^-(a.m)a 



(2.9) 
(2.10) 

(2.11) 



where Xj = Qq'^'/'^ and vector of N integers and c is an integer. 

The index can be written as 



Nf 



i=l 



Hoop 



id 



where the various factors are given by: 



G 



cl 



l\n 



d{zxi]q) 



e(z;q)e{xi;q) 



id 



(2.12) 



(2.13) 



Nf Nf 



G^iL = nn {qx.xf;q)^{qy,xf;q)^ ' 
j=i fc=i id 



n \ - n xiMk^^n - Ik) 
j=i k=i 



(2.14) 
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and 



Nf 



^v^ = 11 n /^'^^i.^l^ = Ar^.$iv^-i(xiyi\...,XiV^;gXix/,.:.,gXiXjv^^;u), (2.15) 



where n+i'^'n is a basic hypergeometric function defined in (C.l) and the hat means that 
the i-th entry is omitted. Notice that G^^^ and G^^^^^ are exactly of the same form of the 
classical term and 1-loop term in equation (2.6), which is derived via Coulomb branch 
localization. In particular, G^^"* and Gj^^^^^ are equivalent to the Coulomb branch terms 
with coulomb branch parameters fixed as t = (pj^ and s = -ri. Hence (2.12) is the form 
one would expect to obtain using an alternative localization scheme corresponding 
to the Higgs branch localization. The equivalence between the factorized partition 
functions and the Higgs branch localization has been discussed for 2d gauge theories 
in [13, 14]. 

We can also write the partition function in terms of holomorphic blocks as in [8]. 
We have:^ 



Mi) Mi) 



rii) 



id 



e(xiu;q) ^ {qxjx^;q), 
9{u;q)9{xi;q) \ l {ykX^^]q)o. 



2 




2 












id 


id 





and 



Nf 



i=l 



id 



(2.16) 



(2.17) 



2.2 Ellipsoid partition function factorization 

We will now turn to the ellipsoid SQED partition function. We turn on masses rrii for 
the Nf chirals, masses rhi for the Nf anti-chiral and an FI parameter ^. The ellipsoid 
partition function was computed in [3], generalizing previous results for the round 5*^ 
[2, 40, 41]5. It reads 

■J j,k Sbix + mk-iQ/2) 



where Q = b + l/b and Sb{x) is the double-sine function described in Appendix B.l. 
To evaluate the integral we close the contour in the upper half plane and take the 
contributions of poles located at a; = -rrii + imb + in/b, see [7] for details. As before we 
first introduce some notation: 



Xi 
Xi 



z = e 



e2-^«, q 

2n^/b 



^2-Kib^ 



^2ni/b^ 



(2.19) 



■*Up to a prefactor independent on i. 

derivation of the ellipsoid partition function by the index theorem is described in [3i 
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and 



Nf 



-1 



We also define the ^-pairing [8] 



f{x]q) ^ = f{x]q)f{x]q), 
where all the variables are defined as in equation (2.19). In particular we have 



9{(-q^'^yx'';q)f = 0"^ exp [ - 27r( 



logx Q\2 



a + c 

s - L V 2iTTb 2 



)] 



where C = e 12 



The result reads 

Nf 



loop 



where the various terms are given by 

6{zxj^;q) 2 



9{z;q)9ixT^;q) 



(i) 



-loop 



n 



Sb(mj -mi + iQ/2) 
)l Sb{mk-mi-iQ/2) 



(2.20) 



(2.21) 



(2.22) 



(2.23) 



(2.24) 



Nf 



ED 



U = N, 



^Nf-i{Xi ^yi, ...,Xi ^yNf]qXi ^Xi, . ? ., gx^ ^xn^^u) . (2.25) 



Nf^Nf-i is a basic hypergeometric function defined in (C.l). As in the case of the 
superconformal index, G^J'' and 0^}^^^^ are equivalent to the classical and 1-loop contri- 
bution that appear in the Coulomb branch localization formula (2.18). In particular, 
they are equivalent to the Coulomb branch factors with the Coulomb branch parameter 
fixed as X = -mj. The expression (2.23) is therefore expected to follow from a Higgs 
branch localization scheme, similar to the 2d case [13, 14]. 

We can further write the partition function in terms of holomorphic blocks as in 

[81-6 



^cl ^1-loop 



9{xiU]q) 



Nf 

n 



{qXjX^;q), 



9{u-q)9{xi-q) )t (ykXi^]q) 



with 



Nf 

Zs = Z 

■t=i 



(2.26) 



(2.27) 



with exactly the same blocks we obtained for the index in (2.17) (with Xi ^ x^^ and 



^Up to a prefactor independent on i. 
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2.3 Flop invariance 

We now come to the main point of this section: index and elhpsoid partition functions 
are invariant under flop symmetry which swaps phase / and phase // of the theory 
corresponding to positive and negative FI parameter. At the level of the integral form 
of partition functions, flop symmetry boils down to a very simple invariance of the 
integrand. Namely, the superconformal index in equation (2.6) is invariant under the 
transformations u ^ n ^ -n, (pj ^ ^J^, rj ^ -Ij. Similarly, the ellipsoid partition 
function in equation (2.18) is invariant under rrij ^ C, ^ as it follows using 

that Sb(x)sh{-x) = 1. 

Flop symmetry translates into highly non-trivial relations between Higgs branch 
quantities (2.12), (2.23) in phase /, G^^i^'^G^^^^p, 2^^'^ and the corresponding phase II 
quantities. Namely we have: 



Nf 



id 



Hoop 



id 



X 



-1 ^-1^ 



r,II 
^id ' 



(2.28) 



and 



Nf 



Zs(xj,yk,z) 



d 



Hoop 



V 



Nf 



Hoop 



(i),n 

V 



) 



(2.29) 



We have checked these relations but we will not write down details in this section as 
in the next section we will perform a very similar computation. We only mention that 
to check these equations one can for example analytically continue the g-series in Zy^'^ 
from phase / to phase // using a generalisation of equation (C.4) and then identify the 

2 



coefficients of 



Z. 



S,id 



on the two sides of the equality. An important point to be 



aware of is that because of the S'-pairing and the id-pairing involve g-series with |g| < 1 
and |g| > 1 we need to use appropriate analytic continuations in the two regimes, as it 
was pointed out in [8]. 

The symmetry we have just described resembles the way associativity of the oper- 
ator algebra in a 2d CFT constrains the form of correlation functions. It is then very 
natural to wonder whether it is possible to map the 3d partition functions to CFT 
correlators, so that flop symmetry is guaranteed by crossing symmetry of the CFT. A 
similar correspondence holds for 2d gauge theories, where the partition function results 
to be equivalent to a degenerate correlator in Toda CFT [13]. 
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3 g-deformed CFT correlation functions 

In this section we study a class of CFT correlation functions with degenerate insertions, 
where conformal blocks are fixed by the Vir^j symmetry {i.e. a g-deformation of 
Virasoro) and are paired requiring the modular invariance of the correlation function. 
It turns out that both the ^d-pairing and the S-pairing, defined in the previous section, 
are compatible with modular invariance and three-point correlation functions can be 
computed via the bootstrap approach. 

We start reviewing the bootstrap approach [11] to Liouville theory, showing how 
the associativity of the operator algebra and properties of degenerate representations 
of Virasoro algebra constraint the structure of degenerate four-point functions and 
determine the three-point function for generic primaries [11, 12, 42-44]. 

We then consider a g-deformed version of the bootstrap procedure, deriving the 
structure of the g-deformed degenerate four-point functions and the g-deformed three- 
point function for each pairing. 

3.1 The bootstrap approach to Liouville theory 

Liouville theory is a non-rational CFT whose primary fields Va{z,z) are labeled by 
the momentum a.'' The conformal dimension of the primary Va{z,z) is given by Aq, = 
a{Qo - a) and the Virasoro central charge is cy = 1 + 6Ql, where Qo = + and 
bo € The theory admits a Lagrangian description in terms of a two dimensional 
scalar field and in this language, the parameter bo is a field theory coupling constant. In 
the following we will not use any Lagrangian formulation, and review how the Liouville 
three-point function can be derived simply exploiting the bootstrap approach [12]. 

The non-degenerate representations of the Virasoro algebra correspond to primaries 
with momentum a = ^ + ipa, where pa e M+. Degenerate representations are labeled 
by two positive integers n and m, and a degenerate representation with a null state at 
level nm is associated to a primary field with momentum a^*"'") = ^ ^ ^ ^ We 
are interested in the four-point correlation function 

{Va^{z4,Zi)Va-,{Zs,Z3)Va2{z2,Z2)Va^{Zi,Zi)) , (3.1) 

where z and z are complex coordinates that can be considered as independent for the 
moment. Due to the projective Ward identities, the correlation function assumes the 

''Many properties of Liouville CFT are described for instance in [45, 46]. 
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following form 

{VaSz4., hWa^iZs, Z3)Va2{z2, Z2)Va^(Zi, Zi)) (3.2) 
= (^24)"'^' (214)^^+^^-^^-^^ (234)^^^'^'"^^"^* (^13)^^-^^-^^-^^ 

where z = za = Zi-Zi and similar definitions hold for tilded variables. Considering 

the primary (-2^25^2) to be degenerate with a null state at level 2, that is with 
degenerate Liouville momentum 02 = a*^^'^) - "^^^ the correlation function satisfies a 
second order differential equation [11]. Using projective invariance to fix the position of 
three operators as 2:4 = 00, ^3 = 1, = and similar for tilded variables, the differential 
equation reads 

R{Ai,A2,A3,Aa;z)H{z,S) = 0, R(Ai,A2,A3,A^;z)H(z,z) = 0, (3.3) 

where the differential operator is given by 

R{Ai,A2,A3,A^;z) = 

3 I 1 1\ d A3 Ai A1 + A2 + A3-A4 

2{2A2 + l)dz^^\z-l^ z) dz {z-iy z^ ^ z{z-l) ' ^'^ 

We remark that z,z describe the position of the degenerate operator Va^- It is conve- 
nient to introduce the function G{z,z) related to H(z,z) by^ 

H{z,z) = z''«°i(l - z''o"i(l - z) (3.5) 

so that the (3.3) can be written as 

D{a,b;c;z)G(z,z) = , D(a,b;c;z)G(z,z) = 0, (3.6) 

where D(a,b] c; z) is the hypergeometric differential operator. It is given by 

92 d 
D(a,b;c;z) = z(l - z)— + [c - (a + b + l)z])— - ab (3.7) 

oz-^ oz 

and the parameters a, 6, c are related to Liouville momenta as 

a = -1 + &o(tti + ^3 + ^4 - 360/2) , 
b = bo{ai + as- ai-bo/2) , 

c=2aibo-bl. (3.8) 



^Also the representation with a^^'^^ ~ ^ ^^^^ state at level 2. This is in agreement with 

the fact that Liouville theory is invariant under the exchange 69 j^. 

similar parameterization for the conformal blocks has been used in the context of A^v-i Toda 
CFT in [47, 48]. 
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The function G{z, z) is therefore a bihnear combination of solutions of hypergeometric 
equations, in the variables z and z. It is known that such solutions are singular at 
the points 0, 1, oo that in the CFT language correspond to the locations of the three 
non-degenerate fields. We start analyzing the hypergeometric differential equation in 
a punctured neighborhood of the point 0. In this region, two linearly independent 
solutions are given by 

li"\z)= 2Fi{a,b;c;z), 4'\z) = z^'^ 2Fi{l + a - c,l + b - c;2 - c; z) , (3.9) 

and analog solutions are found for the equation in the z variable. The general solution of 
the equations (3.6) is given by G{z,z) = T,'i,j=i Ii^\^)K^j^ Ij'^\z) for a generic constant 

matrix kIj\ The vector of solutions (j}'^'' , Jg'^'' ) (3.9) is not single valued when the 
singularity at is encircled, but it transforms by the element of the monodromy group 
associated to the singularity in 0, i.e. I^'^^ -> Y,^=iY^^^.Jj^\ In order to construct a 
single valued correlation function, we now use the fact that Liouville theory is defined 
on 2d Euclidean space, implying that the two holomorphic coordinates are related by 
complex conjugation, i.e. z = z. Given that the monodromy matrix ^(o')!^ diagonaP*^ 
and unitary, a single valued correlation function is obtained considering a diagonal 
matrix K^j \ Reminding that is the position of the primary Vq,^ and that z is the 
position of the degenerate field V_bQ, it follows that the conformal blocks defined nearby 

2 

correspond to the s-channel decomposition of the correlation function, see Figure 1. 
We therefore write the s-channel degenerate correlation function as 



/ 



Figure 1. The s-channel decomposition of the correlator given in formula (3.10). The dashed 
line is associated to the degenerate state 02 - 



{V^,{oo)V^,{l)V^Az)V^M) = kP^-Hl-^P''-^ E ll'\z)Kl;^&\z) (3.10) 



\z 



2 



1=1 



vector of solutions has diagonal monodromy matrix around a singularity included in the domain 
where the solutions are defined. 
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where the elements of the diagonal matrix K^^^ have been written in terms of the three 
point correlation functions C{Qq - a, f3,'y) oc {a\Vi3{z,z)\'y). More exphcitly 

K[f =C(a,,as,f3['^)Ci(ai), iT^? = C(a4, as, C2(ai), K[f = K^,f = , (3.11) 

where /3^^^ are the momenta of the internal states in the two fusion channels. They are 
given by 

f^i =ai- — , py=ai + — (3.12) 
as expected by the fusion rules of the primary Va^ with the degenerate state V_bQ. We 

2 

have defined also 

C^i(a) = C7(go-(«-|),-|,«), C2(a) = c(go-(« + ^),-|,a). (3.13) 
We have introduced the pairing^^ 

2 

f{a,b,c,z) = f{a,b,c,z)f{a,b,c,z) . (3.14) 

In the following section, chiral CFT sectors will be coupled using the pairing we en- 
countered in the factorized 3d gauge theories. 

We now consider a representation of the conformal blocks in the neighborhood 
of z = oo, i.e. we construct a solution of the differential equations (3.6) that is well 
defined for large z. A set of independent solutions of the hypergeometric equation in 
the neighborhood of 2; = cx) is given by 

li'^\z) = z-" 2Fi{a,l + a-c;l + a-b; z'^), I^^\z) = z'^ 2Fi{b,l + b - c;l + b - a; z'^) . 

(3.15) 

Given that z = 00 is the location of the V^^ operator, it follows that these conformal 
blocks are associated to the w-channel decomposition of the partition function, see Fig- 
ure 2. Also in this case, the solutions to the hypergeometric equations are not invariant 
under monodromy. In particular, when the singularity at infinity is encircled, the vec- 
tor of solutions (3.15) transforms by a representation of the element of the 
monodromy group associated to the singularity at infinity, i.e. 



^^Note that this is different from the standard complex modulus squared since the hypergeometric 
solutions depend on complex parameters a,b,c and therefore {f{a,b,c,z))* = f{a,b,c,z). This is 
because the hypergeometric solutions equal the conformal blocks only up to prefactors, as it follows 
form (3.5). 
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1 



3 



Figure 2. The u-channel decomposition of the correlator given in formula (3.16). The dashed 
line is associated to the degenerate state 02--^- 

Given that f/"^. is diaeonal, it results that a singled valued correlation function is 
given by 



(\4,(oo)K3(l)^«.(^)K.(0)) = kP^-'-ll-^P''^-^ ^ ll-\z)Klf&\z) (3.16) 



2 



|1 - ^p^o-s ^ as, CO C^i(«4) iriz) 



where the internal channel states now are 

Pi-a^- — , Pl'=a^ + — . (3.17) 

The explicit expression for the matrix K^^'^ is given by 

K\f = C{a,,a,,P^^^)C,{aA), K^^ = C{a,,a,,P^^^)C,{a,), i^g^ = iT^^^ = 0. (3.18) 

We have constructed the correlation function in the s-channel (3.10), that is defined 
for small values of z and the correlation function in the u-channel (3.16), that is defined 
for large values of z. We have simply considered set of solutions defined in the relevant 
domain and coupled the holomorphic and anti-holomorphic part in such a way to have 
a single valued correlation function. 

It is also possible to extend a set of solutions outside their domain of definition 
using analytical continuation. For instance, using the analytical continuation of the 
hypergeometric function 

2Fi(a, h- c; z) = ^M£fc^(_^)- ,F,{a,l - c + a;l - b + a; z'^) 

r(o)r(c - a) 

+ ^^f^^^^{-zy 2^1(6, 1 - c + 6; 1 - a + 6; z'^) , (3.19) 
r(a)r(c - b) 
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it follows that the solutions I^'^^ (3.9), when analytically continued outside the domain 
\z\ < 1, are linearly related to the solutions I^^^ (3.15) as 



(n) 



(3.20) 



where the elements of the matrix Mij are given by 

T(c)T{b-a) 



M. 



T{b)T{c-a) 
T{2-c)T{b-a) 



M- 



12 



21 



T{c)T(a-b) 
T(a)T{c-b) 
T{2-c)T{a-b) 



r(i + 6-c)r(i-a) ' r(i + a-c)r(i-6) • ^^'^^^ 

For consistency, the analytical continuation of the correlation function in the s-channel 
(3.10) is required to be equivalent to the correlation function in the u-channel (3.16) 
[11, 12, 42, 43], I.e. 



-"■11 ^1 



+ K. 



is) 
22 



r(^) 



-"■11 -'l 



+ K. 



(u) 
22 



r(«) 



that implies the following matrix equation to be satisfied 



k,l=l 



(3.22) 



(3.23) 



It results that equation (3.23) determines the Liouville three-point function [12, 44], 
only up to some trivial prefactors that has to be fixed using the Lagrangian formalism. 
The off-diagonal terms produce the following equation 



K 



(s) 
22 



MuMu 



-'^ll 



M21M22 

which using (3.11) and (3.21) gives 

C(a,, a^.pj'^) _ Ci(ai) 7(c)7(l - h)^{l -c + a) 
C(a4,a3,/3;'^) C'2(ai) 7(2-0)7(0-6)7(0) ' 



(3.24) 



(3.25) 



where 7(x) = p^^f^-^ and the parameters a,6, c are related to the Liouville momenta as 
in (3.8). 

As in [44], we now consider a diagonal term of the equation (3.23), we take {i = 
2,j = 2). Plugging in (3.24) we obtain 



K. 
K. 



(u) 
22 

is) 
22 



(M22)' 



M21M12M22 M22 



Mil 



Mu 



(det M) 



(3.26) 



- 15 - 



and using (3.18) and (3.21) we have 



C(ai,a3,/3^"0C2(a4) 
C{a4^,a3,l3^''')C2{ai) 



'y{b)j{a - 6)7(0 - 0)7(2 - c) . 



(3.27) 



This last equation (3.27), together with a normahzation choice for primaries can be 
combined with equation (3.25) to produce a difference equation that determine the 
three-point function C(a,f3,-y) up to a prefactor that can be computed using the La- 
grangian reahzation of Liouville [12, 44]. 

In view of what we will do in the next section, here we focus on the equations (3.25) 
and (3.27) and see what it can be learned form them without any other assumption. 
Defining 2a j- = ai + ^2 + «3, it is possible to show that the ansatz 



where the function T(X) is defined in (B.12), solves both the equations (3.25) and 
(3.27). Up to a prefactor, the three-point function (3.28) is in perfect agreement with 
the DOZZ expression [49, 50] and has been determined completely using the bootstrap 
approach. We notice that the expression (3.28), although it is not the full DOZZ 
three-point function, it is the only part that is reproduced by a gauge theory one-loop 
computation in the AGT correspondence. 

In view of this result, in the next section we will focus on a g-analog of the equations 
(3.25) and (3.27) and use them to compute three point functions that will be reproduced 
by gauge theory computations. 

3.2 g-deforming the bootstrap 

In the previous section, the Liouville degenerate four point function and the generic 
three point function were derived without any use of the Lagrangian. This was pos- 
sible thanks to the constraints imposed by degenerate representations of the Virasoro 
algebra, that is the symmetry of Liouville CFT. 

In this section we consider a non-rational CFT whose primary fields are associated 
to representations of a g-deformation of the Virasoro algebra introduced in [20] . The q- 
Virasoro algebra ViVg^t has two complex parameters q, t and it is useful also to consider 
their ratio p - \- There is an infinite set of generators T„ with n ^'L that satisfy the 
following commutation relation 



C(ai,a2,a3) 



1 3 T(2a,) 



(3.28) 



T(2a;r - Qo) r=i T(2aT - Idr) ' 



4-00 



1 - p 



m+n,0 1 



(3.29) 
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with // associated to the expansion of the function /(^), i.e. 

The algebra Virg t is invariant under the following transformations [20, 51] 

iq,t) ^ iq-\r') , {q,t)^{t,q). (3.31) 

Like for the Virasoro algebra, representations of Vivg^t can be constructed using Verma 
modules [20]. The highest weight state |A) satisfies 

To|A) = A|A), r„|A) = for n > 0, (3.32) 

and the Verma module A^(A) is constructed acting on the highest weight state |A) with 
the operators T_„ with n > 0. Singular states in the Verma module can be detected 
using the Kac determinant. In particular, it is possible to show that there is a level 
two singular vector for the following values of the parameter A 

Ai = J9l/2^1/2 + ^ ^ p-1/2^1/2 _ (3 33) 

We point out that the states Ai and A2 are mapped into each other by the exchange 
(q,t) -> (t,q) and they are left invariant by (q,t) (q'^,t'^). The algebra Vivg^t can 
be related to other known algebras when the parameters p, q assume certain specific 
values. In particular, considering 

t = q-^o and g^l, (3.34) 

ViVg t reduces to the Virasoro algebra with central charge cy = 1 + 6QI where Qo = bo + -^, 
that is the symmetry algebra of Liouville theory with coupling constant Bq. We note 
that the {q,t) -> {t,q) symmetry of Vivg^t reduces to the bo ^ ^ Virasoro/Liouville 
symmetry. It is therefore natural to identify the states Ai,A2 (3.33) as the g-deformation 
of the degenerate states a^^'^) = a^^'^^ ~ "2^^- 

We now consider a non-rational CFT whose symmetry algebra is given by tensor 
products of ViVg t and can be thought as a g-deformation of Liouville CFT. We are 
interested in four-point correlation functions where three of the insertions are non- 
degenerate primaries, i.e. associated to non- degenerate representations of Vivg^t, and 
one of the insertion is associated to one of the degenerate representations in (3.33). 
Like for the Virasoro case, the degenerate state imposes constraints on the correlator. 

^^See [51] for an overview. 



^ 1 (l-g")(l-r") , 



n 



1 



(3.30) 



-17- 



Using a bosonic representation of the algebra is possible to argue that the degenerate 
chiral correlator satisfies a g-hypergeometric difference equation [22, 52]. The same 
conclusion can be achieved studying a g- deformation of the /3 ensemble [23]. 

The correlation function we are interested in is a g-deformation of the four-point 
function described in details in the previous section, i.e. (3.1). Like for the undeformed 
case, we assume primaries to be labeled by continuous parameters aj and we take the 
primary to be associated to a degenerate representation with a null state at level 
2. Therefore we take the four-point g-deformed correlator to be 

{Va,{oo)Vo,,{r)V^A^)Vo,M) - G{zrz), (3.35) 

where we omit a conformal prefactor and the function G{z,z) satisfies a difference 
equation. In particular 

D{A,B;C;q;z)G{z,z) = 0, D{A, B;C;q; z)G{z,z) = , (3.36) 

where D{A, B; C; q; z) is the g-hypergeometric operator that is given by [53] 

D{A, B; C;q;z) = h2^ + h-^ + ho (3.37) 

Oq Z Oq Z 

where ^ is the g-derivative that acts on a function f\z) as 

|^/(.) = ^^^f^ (3.38, 

dqZ z{q-l) 

and hi, ho are defined by 

h2 = z{C-ABqz), 

1-C {l-A){l-B)-{l-ABq) ^ 
1-g (1-g) 

/. - -^i^^. (3.30, 

Non-degenerate primaries are inserted at singular points 0,r, oo, where r = ^j-^, of the 
g-hypergeometric operator. The parameters A,B,C are related to 01,03,04, however, 
as we will discuss in the next section, the precise dictionary depends on the pairing 
that it is used to glue the different chiral sectors. 

We now investigate the constraints imposed on the four point function by the 
difference equation (3.36); for the moment, we can consider the tilded variables as 
independent from the untilded ones. As in the undeformed case, equation (3.36) implies 
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that G{z,z) is expressed as a linear combination of solutions of the g-hypergeometric 
difference equation. A basis of two linearly independent solutions (with |g| < 1) in the 
neighborhood of 2; = is given by 



(3.40) 



where 



F^'\z)= 2^i{A,B;C;z), F^'^z) = 2^,{qAC-\qBC-';q^C-'; z) . 

2^i{A, B;C; z) is the hypergeometric g-series defined in (C.3) and 

and we introduced the twist function: 

. _ e{Au;q) 
e{A;q)eiu;q)' 

which satisfies T^^q'^u) = {A)''^Ta{u). Notice that since 

-yO. „b. „C. 



and 



\im 2^ i{q'',q ,q''; q,z) = 2Fi{a,b;c; z) 



limT4(n) = u . 



(3.41) 
(3.42) 
(3.43) 

(3.44) 
(3.45) 



in the undeformed limit we recover the basis of s-channel solutions (3.9). 

In analogy with the undeformed case we then construct the s-channel degenerate 
correlation function as the following inner product of solutions defined in the neighbor- 
hood of 2; = 0, i.e. 



{VaAoo)Va.Ar)V^,iz)V^.m - E lt\~z-q)Kif&\z-q) 



(3.46) 



2 



2=1 



where the elements of the diagonal matrix K^j ^ can be interpreted as products of three 
point functions and we defined the generic pairing of g-deformed chiral sectors 



/(A B, C- z- q) = f{A, B, C- z- q)f{A, B, C; z; q) . 



(3.47) 



13 



It is easy to verify that D{A, B;C;q; z)T^"'^ D{qAC-\qBC-^;q'^C-'^;q; z) 
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In the next sections we will consider two different pairing, inspired by the 3d block 
factorization, which allow to realise crossing symmetry invariant correlation functions. 

The u-channel correlation function is obtained considering solutions of the de- 
formed hypergeometric equation in the neighborhood of z = oo. A basis of independent 
solutions in this domain is given by 



j(«) ^ j.(«i^(-)(^-l^g2) 



r(«) 



(3.48) 



where 



F^''\z-^rq'^) = 2'^i(A, qAC-^; qAB~^] q'^rz-^) , 
F^''\z-^rq^) = 2^i{B,qBC-^;qBA'^;q^rz~^) , 

and the w-channel twist functions are given by 



(3.49) 



(3.50) 



Also in this case, in the g ^ 1 limit we recover the undeformed u-channel basis of 
solutions (3.15). The correlation function in the u-channel is therefore written as 

(^.4(-)K.3(r)K..(^)K.,(0)) ^ t ~t\z-~q)K'i;h\''\z-q) (3.51) 



2 



i=l 



r(«)/ 



To construct a modular invariant object, as in the undeformed case, we demand 
crossing symmetry, which requires 



-"■11 -'l 



is) 
22 



r(s) 



-"■11 -'l 



(«) 

22 



r(«) 



(3.52) 



where functions outside their domain of definition are defined via analytical contin- 
uation. In the following we will analytically continue the solutions I^^\q;z) outside 
the domain \z\ < 1 and use equation (3.52) to obtain non-trivial equations for the ma- 



trices K^j"* and K^^' . These equations are used in the next section to determine the 
g-deformed three point functions. 

We use the analytic continuation of the basic hypergeometric series (C.4) to find^^ 

f(^)(^)||' = [B^,F^''\z-W) + B,2Fi^\z-W))(BllF^^\z-W) + B,2Fi''\z-^^^^^ , 

(3.53) 



^ Notice that here, unhke in the undeformed case, matrices Bij transform hypergeometric series 
rather than solutions of the hypergeometric equation. 
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and 



with 



(3.54) 



Bn 

Bl2 

B21 
B22 



(B■q)^{CA-^■q)^9^,{A-^z-^;q) 
iC;q)^{BA-^;q)^ 
{A;q)^{CB~^;q)^eii{B^^z-^;q) 
{C;q)^{AB-^;q)^ 9^,{z-^;q) 
{qBC-^-q)^{qA-\ q)^ 9i^{q-^C A'^z-'; q) 
{q'C-^-^q)^{BA-\q)^ 
{qAC-^-q)^{qB-\ q)^ 9u{q-'C B'^z'^; q) 



(3.55) 



where = 6{-q^/'^x;q). We need two different analytic continuations of basic 

hypergeometric series, depending on whether we are inside or outside the unit circle. 
Assuming |g| < 1 we will have > 1, so we need another set of matrices: 

(gC-i; g)oo(gi5-i; q)^ eu{CB-^A-^z-^; q) 



B 



11 



B 



12 



B' 



21 



B. 



22 



{qB-^-q)^{qAC-^- 


q)oo 


9u{CB-^z-^ 


q) 


{qC-\q)^{qBA-\ 


q)oo 


OuiCA-^B-^z- 


-'■,q) 


{qA-\q)^{qBC-\ 


q)oo 


9^,{CA-^z-^ 


q) 


(q''C;q)^{qAB-\ 


q)oo 


duiCB-^A-^z- 


-\~q) 


{CB-^-q)^{A-q)^ 




q) 


it'C;q)^{qBA-^; 


q)oo 




-\q) 



(3.56) 

{CA-\q)^{B-q)^ 0niqA-^z-';q) 

Inserting equations (3.53), (3.54) in equation (3.52) we derive two equations for three 
point function: 



i. Imposing the vanishing of the cross-terms we get 

2 



K[i>BuB,2 + K,, 



Boa B' 



2I-D22 



0. 



(3.57) 



Inserting equations (3.55) we find the following equation for the ratio of three 
point functions: 



{A]q)oo{B;q)oo{q^C ^■,q)oo 


^^ii(g-M-iC;g)eii(A-iz-i 


q) 


2 


1 


{C-q)^{qAC-\q)^{qBC-\q)^ 


0ii(A-i;g)^ii(g-iA-iC^-i 


q) 




rp{s) 

^ 2 



(3.58) 
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ii. Matching diagonal terms proportional to Fg"'' we get 



K. 



(u) 
22 



(u) 



(3.59) 



which, by plugging in equation (3.57), can be written as 



B. 



22 



det BK 



(s) 
22 



Tr 



(^) 



K. 



(u) 
22 



(u) 



(3.60) 



The determinant can be evaluated using the Frobenious formula and gives 

.-1 {q-^C; q)^{qBA-^;q)^ O^^^rz-^-q) 



det B = qBC- 



{C-q)^{BA-'-q)^ 9u{z-';q) 



and 



B. 



22 



detB 



{q-^C;q)^{qBA-^;q)^ 9n{qrz-^;q) 



{B;q)^{CA-^;q)^ OniqA-^z-^^q) 



(3.62) 



(3.63) 



We then obtain the following equation for the three-point function 



K. 



(u) 
22 



K 



is) 
22 



{q-^C;q)^{qBA-^;q)^ en{qrz-^;q) 



{B-q)^{CA-\q)^ 9 ,^{qA-^ z'^ q) 



2 


rp(s) 


X- 


rpiu) 
^ 1 



(3.64) 



The bootstrap equations (3.58) and (3.64) are the g-analog of (3.24) and (3.26) derived 
for Liouville theory. In the next section we will show that, for two specific pairings of 
the chiral sectors, the bootstrap equations can be solved and the three-point functions 
explicitly determined. 

3.3 Z(i-pairing three-point functions 

In this section we determine the three-point function for the g-deformed correlators 
involving id-pairing of conformal blocks. We begin by recording the relation between 



It is convenient to first write A = aibi, B = 0162 and C = and then apply the Frobenius 
determinant (for example see [54]): 



fe/; g) Ui<t<j<N ajbjOii{aj/ai;q)0ii{bj/bf, q) 



ni<ij<Ar^'ii(a/fe/;g) 



(3.61) 
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the parameters labeling the primary operators and the parameters appearing in the 
hypergeometrics. We define the following variables 

+ 7^ = ai + as + a^ - — -Qo, 



TUB 



26o 

mc 1 



bo 



2bo bo 

with Qo = ^0 + 1/^0- They are related to hypergeometrics parameters as 



(3.65) 



and 



q = e^'^" , 



(3.66) 



(3.67) 



q = q , z = z. 

The tilded and untilded variables just defined, appear in the id-pairing in the following 

way 



f{A,B,C-z-q) . =fiA,B,C-z-q)f(A,B,C-J;q). 



id 



(3.68) 



Using the irf-pairing, equation (3.58) gives 



K. 



22 



-"■11 



{A;q)^{B;qUiq^C-^;q), 



{C;q)^{qAC-^;q)^{qBC-^;q)^ 



q-mc (^^pXa^PXb^-PXc^-^ {ef^^c^ 

id 



2 



(3.69) 



while equation (3.64) reduces to 



K. 



22 



K. 



(^) 

22 



{qC'^A-q)^{qBA-\q)^ 



{B-q)^{q^C-^-q), 



id 



xe 



-i-K{mA-'niB-mc) ^^i-mA+niB+mc) /■''^^ 2 2 

'5/ 



'q 



{CbCc) 



(3.70) 



In the following we will focus on the case with = ms = mc = 0. As it will 
be clear from the mapping to the S'^ >^q theory that we will work out in section 
4, this corresponds to the case where all the fiavor fiuxes of the index are turned off 
i^j = 4 = 0). However, we will keep generic fiux {n 4^ 0) for the FI parameter so that 
z = (q"'/'^ is a complex variable which will be identified with the cross ratio. We notice 



that, in this case. 



a = BqXa , b = boXB ■ 



boXc + 1 : 



(3.71) 
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are the same parameters appearing in the undeformed hypergeometrics in (3.8). More- 
over, taking the /3 ^ hmit, (the Virasoro hmit of Vivg^t) the id-pairing of g-hypergeometrics 
reduces to the undeformed pairing of hypergeometrics defined in equation (3.14):^^ 



hm 

9-1 



2^^{A,B,C;q,z) 



id 



iFi{a,b,c;z) 2F1 {a,b,c;z)= 2-F1 (a, 6, c; 



(3.72) 



Xq S^, this is consistent with the 



Since /3 will be identified with the length in S*^ 
fact that in the /3 ^ limit, the index partition function reduces to the S'^ partition 
function which has been shown to match degenerate Liouville correlators [13]. 

We will now make an ansatz for the three-point function that solves equations 
(3.69) and (3.70) (for = = = 0). We take^^ 



C{a3,a2,ai) 



n 



(3.73) 



where 2aT = ai + a2 + as and the definition and useful properties of the function 
are collected in appendix B.2. This is the g-DOZZ three point function that appeared 
already in [55, 56]. 

In the following, using that the matrices K^j"* and K^^^ are related to the three point 
functions as in the Liouville case (see (3.11) and (3.18)), we verify that the three-point 
function (3.73) satisfies the bootstrap equations (3.69) and (3.70). 

Using equation (B.IO) we compute the ratio 



{A;q)^{B;q). 



C(a4,a3,ai -60/2) 
while the other ratio gives^^ 

C-{ai) ^ C{Qo- ai- bo/2, -bo/2, ai) 
C{Qo- ai + bo/2, -bo/2, ai) 

Putting altogether we get 



{C;q)^{qAC-^;q)^{qBC-^;q), 



2 T^{2ai + bo) 
id T/3(2ai) ' 
(3.74) 



T/3(-2ai + Qo) 



[g3/2C-i]- T^^-2a^ + Qo-bo)- 



C(a4, as, «! + 60/2) K. 
C(a4,a3,ai -60/2) C+(ai) k 



22 



11 



{A;qU{B;q)^{q^C-\q). 



{C;q)^{qAC-^;q)^{qBC-^;q), 



(3.75) 



^®If we take, in analogy with the undeformed case, primaries with momenta a = Qq/2 + ipa, e M 
and shift ->■ a^ - l/(26o), the variables Xa, Xb, Xc become pure imaginary. 

There could be a prefactor P(ai, 02,03) like in the DOZZ formula. However, we will only be 
looking at bootstrap equations that involve ratios of three-point functions where, in the undeformed 
case, prefactors cancel-out and assume that they do still cancel out in the deformed case. As in the 
undeformed case we do not expect the gauge theory to reproduce them. 

^^Notice that there are infinities coming from poles of but they cancel out in the ratio. 
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in agreement with equation (3.69). Similarly for the other ratio we find 



K. 



(u) 
22 



K 



22 



{qAC-';q)^{q-^C;q). 



{B;q)^{AB-\q), 



(3.76) 



in agreement with equation (3.70). The bootstrap approach, applied to a g-deformation 
of Liouville where the chiral blocks are glued by the zd-pairing (3.68), has allowed us 
to compute the three-point function of non-degenerate states. 

3.4 ^-pairing three-point functions 

In this section we determine the three-point function for the g-deformed correlators 
involving 5'-pairing of conformal blocks. We begin by specifying how the momenta 
labelling the primaries are related to the parameters appearing in the hypergeometrics. 
We define 



and 



Xa = «! + as + 04 

Xb = «! + as - 0:4 
Xc = 2ai - UJ3 , 



UJ3 _ 

2 

2 ' 



E. 



(3.77) 



2TTiXg/uJi 



c 



^2-niXcloJi 



2-m — 

e '^a 
2m — 



^2-KiZ Ilo2 

1 

2TTiZ/uji 



(3.78) 



Also in this case, we assume that the matrices K^^^ and fcl"'' are related to the three- 



point functions as in the undeformed case (see (3.11) and (3.18)). However, now the 
parameter associated to the momenta of the degenerate primary is cjs, so the internal 
channel states are given by /3['^^ = ai-^, /32^^ = ai + ^, /3[^^ = a4-^ and /32^^ = a4 + ^. 

The parameters Ui and U2 will be related in the next section to the squashing 
parameters of the ellipsoid, so we also introduce Q = ui + 002 and assume ui ■ 002 = 1. 
As we will desrcibe in section 5.6, the freedom to permute the way we identify the 
coi,0J2,co3 to the squashing parameters and to the degenerate momentum is related to 
the fact that we think our ellipsoid as a defect inside a squashed S^. 

The S'-pairing is given by 



f{A, B, C- z- q) = f{A, B, C- z- q)f{A, B, C; z; q) 



(3.79) 



where the variables that enter in (3.79) are defined in (3.78). In these variables we have 



e{A-q) 
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Using the S'-pairing, equation (3.58) simphfies to 



19 



K 



is) 
22 



K 



is) 

11 



{A;q)^{B;q)^{q^C-';q), 



{C;q)^{qAC-^;q)^{qBC-^;q)^ 



,-in(Xc-Q)iXc-XA-XB+Q) 



(3.80) 



while equation (3.64) yields 



K. 



(u) 
22 



K 



is) 
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(q-^C;q)^{qBA-^;q)^ 


9n(qrz 


2 


rpis) 

-^2 


2 


{B-q)^{CA-^-q)o, 


9n{qA-^z-^;q) 


5 


rpiu) 

-^2 


S 



{qC-^A;q)^{qBA-^;q)^ 




q) 6ii{qrz 


2 


rpis) 

^2 


2 


{B;q)^{q^C-\q)^ 


0ii{AC-^ 


q) eu{qA-^z-^;q) 


S 


rpiu) 

^2 


S 



{qC-^A-q)^{qBA-\q)^ 



{B-q)^{q^C-\q). 



' ^-il,{Q-XA)iQ^XA~XB-Xc) 



(3.81) 



Equations (3.80) and (3.81) can be used to determine the three-point functions for the 
S'-pairing. We consider the following ansatz for the three-point function^° 



C(a3,a2,ai) 



n 



(3.82) 



where lax = ai + 0:2 + as and = wi + + cjs. The definition and several properties of 
the triple-sine function S^^iX) are collected in the appendix B.l. 

We now use this ansatz, equation (B.3), and the property S'3(X) = S^^iE - X) to 
compute the three-point functions ratios that appear on the LHS of (3.80) and (3.81). 
We find 



K. 



is) 
22 



K 



is) 

11 



S'2(2Q - ai + u;3)5'2(ai + 0:3 + 04 - W3/2 - _E')S'2(q;i + 03 - 0:4 - c<;3/2) 
S'2(2ai - W3)S'2(a3 + «4 - «i - uJzl2)S2{Q + «3 - 04 - ai + W3/2) 

S2{2Q-Xc)S2{Xa)S2{Xb) 
S2{Xc)S2{Q + Xa- Xc)S2{Q + Xb- Xc) 
{A;q)^{B;q)^{q^C-^;q)^ 2 



(C;q)^{qAC-^;q)^{qBC-^;q), 



i-K(Q-Xc)iQ+Xc-XA~XB) 



(3.83) 



19 



Up to factors of C which could be reabsorbed by redefining Ta{x) T^{3 



e(xfj.)0{Aii,) 



smce 



\Ta{z)\\ C- 



Ki4 



20 



See footnote 17. 
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in agreement with equation (3.80). The other ratio yields: 



^22 _ 'S'2(«3 + 04 - "l - ^3/2)52(2(5 - 2^4 + UJ3) 

K\i ~ S2{a3 + ai - a4 - W3/2)52(2Q - 2ai + W3) 
S2{Xa -Xc + Q)S2{Q + Xb- Xa) 



S2{Xb)S2{2Q-Xc) 
iqC-'A;qUiqBA-^;q), 2 



(5;g)^(g2C-i;g), 



,-i7r(Q-XA)(Q+XA-XB-Xc) 



(3.84) 



in agreement with equation (3.81). This shows that the three point function defined in 
(3.82) solves the equations imposed by the bootstrap method, confirming the exactness 
of (3.82). 

4 3d partition functions as g-deformed CFT correlators 

In this section we map g-deformed CFT degenerate correlators to 3d gauge theory 
partition functions working out a dictionary between parameters. We begin by rewriting 
the equation expressing the fiop invariance of gauge theory partition functions-as in 
equations (2.28) and (2.29)-dividing each side by G^^^'^ ■ G^^op 



^{2),I ^{2),I 
^cl ' ^lloop 
^(1),7 ^(1),/ 
^cl ' ^lloop 



r(2),/ _ ^Cl ' ^lloop 



(1),// ■ ^lloop 

^ ^(1),/ 
^cl ' ^lloop 



V 



(4.1) 



and equation (3.52), expressing crossing symmetry in CFT dividing each side by 



is) 



r(^) 



^11 



'22 



An) 



(4.2) 



The identification of quantities in the first channel gives: 



Fi'\z), Z 



(2),/ 
V 



G 



(2),/ 
d 



G 



d 



K. 



is) 
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rp{s) 

-^2 



r^(2),/ 
^lloop 



K 



11 



G 



(1),^ ■ 

Hoop 



Similarly, the second channel yields: 



(4.3) 
(4.4) 

(4.5) 
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Friz). 



(4.6) 



G 
G 



d 



(u) 



and 



G 



(2),// 



d 



G 



(u) 



-f^ll _ '^lloop J^22 _ Hoop 



T^{s) ^(1),7 • 
-^^11 ^lloop 



(4.7) 



(4i 



-^^11 ^lloop 

To match vortex partition functions and conformal blocks in equation (4.3), we need 
to identify the parameters A^B^G of the hypergeometric functions appearing in the 



gauge theory and in the CFT correlators. Introducing - e 
the following dictionary: 



10 



we obtain 



Ellipsoid 



-i{mi - nil) 



Xb = -i{m2 - mi) 
Xc = -i(m2 -mi + iQ) 



Ul = = b, 



ai = f +^2H_rn2 



_ u}3 ^ mi+m2-mi-m2 

as - ^- I 7, 



Index 



Xa = i(<I>i -Si), mA = ri-li 
= - S2), mB=ri-l2 
Xc = i($i-$2), mc = ri-r2 
P = lenght of 



ai - ^ + [ri - r2)^ + i — ^ — 



t^i ; 7 ^'^2 • ^i+^2-'^'i-'i'2 



04 - 



2;cFT = qr^''^z„l 



gauge 



(4.9) 



where for the index we shifted as ds = as - a;2/2 and for the ellipsoid we defined 
Q = 6+l/6. 

With this dictionary it is then easy to check all other equations (4. 4), (4. 5), (4. 6), (4. 7), (4. 
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For example, equation (4.5) for the ellipsoid gives 



is) 
22 



S2{2Q-Xc)S2{Xa)S2{Xb) 



S2{Xc)S2{Q + Xa- Xc)S2{Q + Xb- Xc) 

(2) I 

_ Sbimi -m2+ iQ/2)sb{mi - mi - iQ/2)sb{rh2 - mi - iQ/2) _ G^i^'^^ 
Sb{rhi -7712- iQ/2)sb{fh2 - m2 - iQ/2)sb{7n2 - mi + iQ/2) G[]l'^^p 



(4.10) 



While for the index (4.5) gives 



K 



22 



(A-q)^{B;q)^{q^C-^;q), 



{C;q)^{qAC-';q)^{qBC-';q), 



2 '^C m^+m^-rriQ 



(g020i^g''2'')(01^1^g'^'2 ')(0i^2^g'''2 ') 



^g"teV0102) ^ (0102')^-^ 



id 



^lloop 

7^(1)7 



(4.11) 



where the first equality follows from (3.69) and agrees with the three-point function 
computation for zero fluxes. 

The flop symmetry described in formulas (2.28) and (2.29), is therefore realized 
by the crossing symmetry of the g-deformed correlators we have constructed in the 
previous section. 



5 5d partition functions as g-deformed CFT correlators 

In this section we argue that partition functions of 5d = 1 gauge theories on and 
X can be mapped to g-deformed CFT correlation functions of non-degenerate 
states. We start looking at the S'^ x partition function, i.e. the superconformal 
index. 

5.1 Partition function on 5^ x 5*^ and g-deformed CFT 

The partition function for 5d = 1 supersymmetric gauge theories on x has been 
computed in [26, 27] using a localization scheme similar to the one developed in [1] for 
gauge theory on S'^. A derivation that uses topological strings is given in [28]. The 
result is written in terms of an integral over the constant value of the vector potential 
along the direction Ar = a, and the integrand has a perturbative contribution 2^i_ioop 
and an instanton contribution 2^inst- In details 

Zs^xS^ = / daZi_ioop{cr)Zinst{cr) , (5.1) 
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where the integration measure is included in the perturbative part and the exphcit 
expression of the various factors depend on the field content of the theory. For the 
one-loop part, it results that the vector multiplet gives the following contribution 

= n (^«(^)) (-^«(^)) . (5-2) 

where a are the roots of the gauge group and we have rewritten the results of [26, 27] 
in terms of the function T^(X) defined in (B.2), using a relation between T^(X) and 
the standard T(X) given in (B.ll). A hypermultiplet of mass m in a representation R 
of the gauge group contributes as 

Z\Zl{^.rn,R) = Y\'^'Up{^)^rn)^^]\ (5.3) 

where p are the weights of the representation R. Like for the S*^ x case, /3 is the 
period of the compact direction . The radius of the is equal to the unity and 
Qo = ^0 + 1/^0; where can be related to the squashing parameter of the 5^, as in [57]. 

The instanton contribution is due to point-like instantons localized at the poles 
of the S*^, where the metric is effectively M"^ x S"^. It follows that the contribution 
from each of the two poles is given by the Nekrasov function for 5d gauge theory 
compactified on a circle Z^^^ [58, 59]. Instantons localized at the north and south 
poles come with opposite topological charge, therefore the total contribution is given 
by Z;^^t = ^Nek-^Nek = I^NekP' similar to the 5"^ case [1]. 

We now argue that the partition function (5.1) can be mapped to a non-degenerate 
g-deformed CFT correlator. This relation is a natural generalization of the AGT cor- 
respondence [15], where partition functions of gauge theories on are mapped to 
correlation functions of Liouville/Toda theory. The mapping between g-deformed Vira- 
soro/W algebra conformal blocks and 5d instanton partition functions has been already 
discussed in the literature [21-25]. As the instanton contribution is given by a complex 
modulus squared, we consider a correlator where the two chiral sectors are glued by 
the Z(i-pairing (3.68). Indeed, when the flavor fluxes are switched off, the tilded and 
untilded variables of the id-pairing are related by complex conjugation. Another moti- 
vation for using the id-pairing comes from the interpretation of the 3d index theory as 
a defect theory of the 5d index theory. In analogy with [17], we would then associate 
the defect theory to a correlation function involving degenerate primaries. 

Let us consider the case where the 5d gauge theory is an SU{2) vector multiplet 
coupled to four fundamental hypermultiplets. Like in the AGT case, we propose that 
the partition function of this gauge theory is equivalent to the correlation function for 
four non-degenerate states, where the two chiral blocks are glued using the id-pairing 
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described in section 3.3. In analogy to the AGT correspondence, the integration over 
the zero mode a is mapped to the integration over the states in the internal channel 
of the conformal blocks, the total one-loop factor is mapped to the product of three 
point functions and the north and south pole instantons function are mapped to the 
holomorphic and anti-holomorphic conformal blocks. 

The equivalence between the four point conformal block and the related 5d in- 
stanton function was discussed in [22, 24]. In particular, the dictionary between the 
parameters of the Virq^t algebra and the equivariant parameters worked out in [21, 22] 

£- ' 2 

gives q = e''o ,t = e^^^". Therefore the parameters satisfy the relation t = q^^o as in 
(3.34), and in the limit /3 ^ the Virg t becomes the Virasoro algebra with central 
charge cy = 1 + QQq. This is in agreement with the fact that in the same limit, the 
S'^ X theory reduces to the S*^ theory that is related to the Virasoro algebra. 

In the following we show that the three-point function for id-pairing (3.73) repro- 
duces the one-loop factor. Considering the dictionary^^ 

Qo • ^ • • ^ 

a = ta+ — , ai + a2 - ittii + Qq , ai-a2-im2, 03 + 04 - ims + Qo , a^-a^-imi, 

(5.4) 

it follows that^^ 

C(ai,a2,«)C(go-«,«3,«4) = Zl^L^{a)Y\zlZ':^{a,m,,F), (5.5) 

■t=i 

that is the total one-loop contribution of the gauge theory with four hypermultiplets 
in the fundamental representation F. 

5.2 Partition function on squashed and g-deformed CFT 

The partition function of 5d = 1 supersymmetric gauge theory on the squashed 
has been studied in [29-31], extending previous results for the round [32-35]. The 
path integral reduces to the integral over the saddle points, that are characterized by 
string instantons winding an fiber of the Hopf fibration of the five sphere, and a 
zero mode of an adjoint scalar in the vector multiplet, i.e. a matrix a. The result is 
therefore written in terms of a matrix model. The integrand is given by a classical part 
Zci, a one-loop factor 2'i_ioop and a non-perturbative contribution Zi^^t that arises from 
integrating over the moduli space of the instantons. The partition function is given by 

= J daZc\{a)Zi_ioop{cr)Zmst((j) (5.6) 



'^^ a takes value in the Cartan, therefore a = {a, -o"). In the following we will rename a a. 
22Weuse T^{X) = T^{Qo-X). 

^^As in the AGT case, the equality is up to factors independent on a. 



- 31 - 



where the integration measure has been inserted in the one- loop part. The three factors 
in the integrand have expressions that depend on the field content of the theory [29-31]. 
The instanton contribution assumes a factorized form [30, 31] 

Each factor corresponds to a Nekrasov instanton function on x S*^ and it is associated 
to one of the three fixed points of the CP^ base of the Hopf fibration. More explicitly, 
as explained in [30], we can view as a fibration over a triangle. In the interior 
of the triangle all the circles are non-vanishing, while on each edge, one of the circles 
vanishes and finally at each vertex only one cycle (the z-th cycle) survives. Notice that 
since each edge is a fibration over an interval, we have three squashed three-sphere 
inside S^. To each vertex we can associate the following combination of equivariant 
parameters 

vi- 1,— , , V2- — ,1, , ^^3: — '1 • (5-8) 

Hence each vertex Vi contributes to the partition function with a copy of the instanton 
partition function Zl^^^^ with equivariant parameters g, t given respectively by 

{q,t) = (e '^i,e "i 1 , (e "2,e '^2 \ (e ^^3,6 "3 1 . (5.9) 

The one-loop factor receives the following contribution from the vector multiplet 

^i-ioop(^) = n S,i^aia))Ssi-^a{a)) , (5.10) 

Q>0 

where 5*3 (X) is the triple-sine function described in appendix B.l. A hypermultiplet 
in a representation R and mass m contribute as 

^iX(^'^'^) = n^3(^(p(a) + m)|) \ (5.11) 

where E = ui + UJ2 + UJ3 and Ui,uj2,u}3 are related to the squashing parameters. The 
round is obtained setting = u;2 = W3 = 1. 

We propose that the squashed 5*^ partition function (5.6) is related to a correlation 
function of non-degenerate states. In analogy with the AGT correspondence [15], we 
expect the non-perturbative part to be mapped to the conformal blocks while the one- 
loop factors to the three-point function contribution. Since the instanton part contains 
three copies of the Nekrasov partition functions on x S"^, we are lead to consider 
three copies of Virgt with (g, t) as in (5.9). As we already mentioned, there are three 
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ellipsoids inside which we think as defects theories as in [30] . Hence, in the spirit of 
[17], where defects are realised in the CFT by degenerate primaries, we interpret the 
^-correlators of section 3.4 as degenerate correlators corresponding to ellipsoid defects 
inside S^. This in turn suggests that the three-point function for ^-correlators should 
be able to reconstruct the one- loop part on S^. In what follows we show that this is 
indeed the case leaving for a future publication [60], the study of the instanton sector. 

Indeed it is immediate to show that the three point function factor of a four-point 
correlator (calculated using the S'-pairing three point function defined in (3.82)) can 
be mapped to the one-loop contribution of a gauge theory with one vector multiplet in 
the adjoint representation of the gauge group and four fundamental hypermultiplets. 
Namely: 

c(«i,«2,«)c(i?-«,«3,«4) = ^iToop(^)n^5o:;(^,^^>^), 

with the following dictionary 
E 

a = ia + — , ai + a2 = imi + E , a\ - a2 = im^ , as + 0:4 = irrij, + E , 03 - a4 = im4 . 

(5.12) 
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A Index factorization 

In this appendix we evaluate the integral (2.6) taking the contribution of poles located 
at 

t = 07ig(^+^O/Y^ k>min{0,s + ri), i = l,---Nf. (A.l) 
At fixed i, we define M = s + r^. Below we list the residues at the poles: 
• Fundamentals tetrahedra numerators: 

n(i - g-rVj^g-^-^^^/^) - /'"^"rf°° , (A.2) 

to {qXiX/;q)k-M 
where we used that 

{zq-;qU=^-p^. (A.3) 
{z;q)n 
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Fundamentals tetrahedra denominators with (j ^ i): 

oo 

- qH(f)jq-('^'^y'') - (xiX]'; q)oo(qS:ixf; q)^ , (A.4) 

where we used that 

oo k-1 k-1 

- aq^-') = (a, q)^^ JJi^ - aq-^~') = (a, g)^ Uil - a^') ■ (A.5) 
i=o j=o j=o 

Anti-fundamentals tetrahedra numerators: 

oo 

Ylil-q^-H^,q(^-^^y') - {qy,x-';qUix,y^';q),.Mi-ir-'' 

1=0 

q-(k-M)(k-M^l)/2(^qy,^-l^k-M ^ (A_g) 



where we used that 

k-1 



(A.7) 



• Anti- fundamentals tetrahedra denominators: 

oo oo 

U(^-q't-%'q(^-'^y') - Ui^-yjxiW) = (A.9) 

1=0 1=0 

{yjXi';q)k {Vj Xi;q)k 

where we used that 

{A, q), = (-1) q)k . (A.ll) 

So far we have 

^_^^M q-kqk-M qM{k-M+l)/2qkM/2 ^ (g^^^X^ ^ g)oo (qy j X^'^ ] q) 

{x,xf;q)^ {yjXT^;q)o. 

iXiyf;q)k-M _ixfc_M {y]^^i'^Q.)k ,^ /A ION 

{qXiXj^\q)k-M {qXiXj'^;q)k 
We now introduce the variables 

A; = i, k-M = p, (A.13) 
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so that 

M = t-p, s^-Ti + t-p. (A.14) 
We can therefore write (A. 12) as 

{qXiXj'-;q)p {qXiX^-.qJt 

We still need to compute the contribution of the prefactors in the definition of x (see 
equation (2.2)) and the classical term: 

• The classical term contributes as 

= a;-'^>+*-P(07i)"g-"p/2g-W2 = u;-->(07i)"u;-p^2;-* , (A. 16) 

where we also defined 

z = ujq^l'^, z = uj-\''l'^. (A. 17) 

• The prefactors in (2.2) give 



= {xi{ykX,)-^ly{Uyki,Y''^yq'''^'''-''^'^ 

^-(^..^0/2(^1/2^1/2)-.. X . (A.18) 

Combining the infinite products in (A. 15) with the second line in (A.18) we find 
{qxixf]q)^ (qyjX-^;q)^ ^r,^-(o+«fe)/2(^^i/2^i/2)-n^';./2^W2^-(r,-/,)/4 ^ 



(xiX-^;q)^ {yjXi^;q), 



{qx,xf;q)^iqy,xi'-qU {q^l^^<PtY'^'-'^^l\q'l%(t^■^)^''-'''^l^ = (A.19) 

id 

= x{<P,<P^\r,-n)x{Uk\n-lk) ■■=G^2op- (A.20) 

Combining what is left in (A. 15) with the first line in (A.18) and the part depending 



on p and t in (A. 16) we find 



p j,k {qXiXj , q)p 



Nf 



a-q'^T^z-'Uyf^j"y--=zi. 



Finally what is left in equation (A. 16) gives 



uj-^^(<pfr ■■=G 



(0 



(A.21) 



(A.22) 
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B Special functions 

We describe in this appendix few special functions used in the main text. 
B.l r-gamma functions and r-sine functions 

The r-gamma function can be defined as the following regularized infinite product 

-f oo 

rr(z\E)r^ n (E-n + z)-\ (B.l) 

ni,--,nr=0 

where E - cui, . . . ,ujr and n = ni, . . . , n^.. The r-sine function is defined as 

Sr(z\E) ~ rr(z\E)-^rr(E - z\E)(-^^'' , (B.2) 

where E = Ui + . . . + For simplicity we will denote S3{X\E) - S3{X) and S2{X\Q) = 
5*2 (X). We also have that: 

S2iXA)- (A-q) %fs-(^-) (B.3) 
s 

where A = e2'r«^A/w2 and 

B2,2iX) = (6^2 - 6{uji + UJ2)X + cuf + w| + 3CU1CU2) . (B.4) 

' 0UJ1UJ2 

An important property is 

Sr(z + uJi\E) = Sr-i(z\El)-^Sr(z\E) , (B.5) 
where E'- - (cui, ...tUj-ijCJj+i, ..cUr)- In particular we have: 
Ss(X + uJs\E) 



Ss(X\E) 



= S2{X\E')-' = Sb{-iX + iQ/2y^ (B.6) 



where we set E' = Q. The Sb{x) is the double-sine function. Its explicit product 
representation is given by 

^ mb + n/b + Ql2-ix 
Shix) = — ; 7; — —, , (B.7 

and satisfies the following identities 

Sbix)sbi-x) ^ 1 , Sb{ihl2-x)sb{ihl2 + x) = - J—-. (B.8) 

z cosn TTOX 
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B.2 TI^{X) function 

The function T^{X) is defined by the following regularized infinite product [55, 56] 
T^(X)cx Yl smh\^{X + n^bo + n2l/bo)]smh\^{-X + {n^ + l)bo + {n2 + l)l/bo) 



L2 

(B.9) 



and satisfies the fundamental properties T^(X) = T^(Qo - X) and 

(B.IO) 

where q = e^/^° and x = e^^^ , x = x = x^^ = e^^^ . 

Using the formula = UZi (l + S)' ^^e Tl^{X) can be related to the standard 

T{X) as 

+°° / 97r \ 

T/^(X)cx n T X + ^-A; , (B.ll) 

where 

00 

T(X)cx Yl (x + n,bo + n2llbo){-X + im + l)bo + in2 + l)llbo) . (B.12) 

"•li"2=0 

C Basic (g-deformed) hypergeometric functions 

The basic (q-deformed) hypergeometric function is represented by the following series 

fc=0 lOliQ^jA:- • • {On,q)k{q)k 
where the g-Pochhammer symbols are defined by 

k—l k 

{a;q)k = U{l-q'a), {q)k = U(^ - q')- (C.2) 

1=0 1=1 

In the main text we construct basis of solutions of the g-hypergeometric equation using 
the 2'^*i('^5 c; z) series 

2<l>i{a,b;c;z) = }^-—— — ^^ (C.3) 

{q)k{c;q)k 
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The analytic continuation for basic hypergeometric 2'^'i for |g| < 1 reads [53] 

2^i{a,b;c;z) = -— -— 2^i{a,qa/c;qa/b;cq/{abz)) + 

(c;g)oo(o/a;g)oo {z;q)oo{q/z;q)oc. 

>;,) (c/M).(te;.>)„(^/(te);<;). ,t,.(M'>/c;,V«;c,/(ate)). 

{c;q)oo{a/b;q)oo [z] q) ^{qj Z]q) oo 

(C.4) 
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